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Abstract. g-fundamental matrices are introduced and studied. Elementary operations on
quantum matrices are discussed. The g-generalization of the classical Laplace’s theorem is
found. An application of the result is given.

1. Introduction and preparations

Recently, in growing interest in studying quantum groups from the physical and
mathematical point of view, much research has been carried out on quantum matrices.
In this paper we introduce g-fundamental matrices, and study g-analogous ele-
mentary operations and the g-deformed Laplace’s theorem on quantum matrices.
In general [1], for symbols Uf where ie{l,...,n}, a€{l,...,m} in the polyno-
mial C-algebra A, (m,n)=C{U* 1<sa<m,1<i<n) if the following commutative
relations are satisfied:

UsUs=qUIUE  fora<g (1a)
UpUp=qUiU? fori<j (16)
U?Uf=UfU? fora<Bandi>j (lo)
U?Uf_U:'BU?=(q-‘I_1)U?Uf fora<g i<j (1d)

then the set of symbols U= {U/#} is called a quantum matrix of size m X n. The set of all
m X n quantum matrices is denoted by M,(m, n). Here the superscript a is the row
index, the subscript i is the column index.

In Manin’s approach [2, 3], the space M (m, n) of quantum matrices of size mxn
is shown as the space of algebra morphlsm from quantum planes AT and A""" 10,
respectively, quantum planes A% and A" [1]. Here the quantum planes Ale and A""’

are defined, respectwely, as the polynomlal C-algebra AX°=C{xzi=1,...,m and
Al =Clyzi=1 ,n) penerated correspondingly by symbols X; and y; with the
followmg commutation rules:

X0 = qxx; fori<j

yi=0 Y= —q Y fori<j. (2

When m=n, M, (n,n) and its coordinate ring A,(n,n) are denoted M (n) and
A(n) for brevity. Thus, if {Z¥}e M,(n), then the following hold:

ZZ = qZt 2t fork<h (3a)
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ZiZk=qZZ} forisj (3b)
27— 22 = (g~ g )2t 2! fori<j k<h (3¢)
B2 =72} fori<j k>h. (3d)
The quantum determinant of the matrix {Zf} generating A (n) is defined [4] by
det,{Z}}= D (~q)9Z0zZs™ ... Z @
oes,
=2 ~"ZiZi - - Ziw (5)
aed

where S, is the permutation group of the set {1,2, ..., r} and for each o€ S,, #(0)
denotes the number of inversions in the permutation (01} . . . a(n)), i.e. the pumber
of pairs (i, /) with 1={<j=<n and o(i) > 0(j). Equation (3d} may be used to prove that
(#)=(5)-

To meet the needs below, we generalize the concept of quantum matrix as follows.

Definition 1. The set of symbols X={X ¢} (ee{l,...,m}, ie{l,...,n}) in the
polynomial C-algebra A(m, n)=C(XF: 1<sa<m, 1 <i<n) is called a g-fundamental
matrix, If m=n, then its determinant is defined by

det {X}=">" (~q)“XLy. .. Xk,
aesy
which is called a g-fundamental determinant.
In general, in definition 1

det (X% S (~gyOX ... X2,

ages,

It is easy to see that if the elements of a g-fundamental matrix satisfy the relations (1),
then the matrix is a quantum one; moreover, if this is a square one, then its ¢-
fundamental determinant is just its quantum determinant and is also equal to

> (XX,

oS,

Definition 2. In a g-fundamental matrix X={X?} where aec{l,...,m}, ie
{17 R n}, if M{)g{l’ e m}, NDQ{I: cree n}, then X(MD’ Nﬂ) ={Xf} (ﬂGMOJ.’-ENﬂ)
is called a submatrix of X. If |My| = |No| =p, then the g-fundamental determinant of
X(M,, N,) is called a g-minor of the pth order of X.

Obviously, if X is a quantum matrix, then any submatrix of X is also a quantum
one; and in this situation, any g-minor of X is a quantum determinant.

It is not difficult to prove that if U={Uf}eM,(m,n), then its transpose U=
{oL} e M(n, m) where V,=U? for 1<a<m, 1<i<n; and if m=n, then det,U"=
det, U because (4) =(5) on quantum matrices.

2. Elementary operations

The following three operations on g-fundamental matrices (in particular, on quantum
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matrices) are called the elementary row (or column) operations of types 1, 2 and 3
respectively:

(i) interchanging two rows (or columns};

(ii) multiplying all elements of a row (or column) by some non-zero number in C;

(iii) adding to any row (or column) any other row (or column) multiplied by a
non-zero number in C. ‘

Now observe that these manipulations of the rows (or columns) of a g-fundamental
matrix can be achieved by premultiplication (or postmultiplication) of X by appropri-
ate matrices. In particular, the interchange of rows i; and i, of X can be performed by
multiplying X from the left by the m X m matrix

1,
C(ih iZ) =

1/ mxm

obtained by interchanging rows i, and i, of the identity matrix.
Furthermore, the effect of multiplying the ith row of X by a non-zero number & in
€ can be achieved by forming the product M{k)X where

1

Mfk)= i.

Finally, adding k( € C) times row i, to row i, of X is equivalent to multiplication of
X from the left by the matrix

1,

. 1.k o
Alk; i, 4y) = L. (ifi1<iy)

L
. i e
or= .. i (lfl2<l1)»
) 1

1

Similarly, the multiplication of X on the right by the appropriate matrices C(i;, &),
Mk) or A(k; i, ;) leads to analogous changes in columns.
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The matrices C(i), i;), M{k) and A(k; iy, i,) are called elementary matrices of types
1, 2 and 3, respectively.

Note that in general, those matrices achieved by three elementary Operations on
quantum matrices are not quantum matrices, are only g-fundamental matrices. Now,
we discuss the determinents of such some g-fundamental matrices.

For a fixed quantum matrix {Z}} € M,(n}, there exist algebra morphisms [1, 4]:

3, All— A ()@ Al 8 AM— 4 ()R AZ".
The co-action 8, applied to the monomial y,, . . ., y, gives the formula |2, 4]
(3. ya)=det{Z}®y, ...y, 6
such that
8ux)=", Zi®x; &.(y)=, Z|®y..
j=1 j=1
Analogously, applying 8, to the monomial y, . . . y; one finds
8-+ )= D, (—@Z0(1) ... Zn(m) By . Y (7

o6S,

Ify; ... ¥,=0, then 8,(y, ...y,)=0 and the following [1} holds:

> (—g)"Zi1). .. Zigy=0

oES,

This means that, for a quantum matrix {Z]} € M,(n), the g-fundamental determinant of
the g-fundamental matrix

Zh....Zh
4 I
A TR A
is equal to zero if ¥, . . . y,,=0.
Property 1. (i) Foraset{i), .. .,&L}<{l,...,n},if two or more indices i, . . . , i,
coincide, then the determinant of
Zh....Zh
Zn. . . Zh

vanishes, i.e.

Z (""I)'(a]zﬁm e zf:'r'(n) =0.

dES,

if i, =i, forsome k, he{l,..., n}.
(i) If all indices iy, . . ., i, are distinct, then

S (~@YOZiy. . . Zsay=(—g) ) det {2Z]}.

2ES,

Proof. (i) According to (2}, y;,. ..y, =0.
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) By (@, ¥i--y,=(=@)" Wy .y, then 8(y,...y,)=(—gyh»
- 8.y1- - - ¥u), and by {(6) and (7), the equality follows.

This property means that the determinant of the g-fundamental matrix reduced by
the application of an elementary row operation of type 1 to a quantum matrix is equal
to the multipication of the quantum determinant by some power of —g¢.

The following is obvious:

Property 2. For any g-fundamental matrix
X={X

and any k€C, ie{l, ..., n}, det M{k)X =k det X.
Also, obviously, for g-fundamental matrices

X={XI};,.,
and
D ¢ X!
X=| x..... x
X, X4
let
D, ¢ X

Y=| Xi+X,... X{+X

........

then det,¥Y =det X +det X.
From this equality and by property 1 and 2, we have the following:

Property 3. For any quantum matrix Z={Z}e M,(n) and k€C, i}, Le{l, ... ,n},
det, A(k; iy, (| )Z =det,Z,

Property 1 and 3 do not hold for general g-fundamental matrices. .

Proposition 4. For any Z={Z}}e M (n) and any s, te C, h,je{l, ..., n} (h <)), let
a g-fundamental matrix be

Zho...... zZ
TR
= Zh—sZ . ... ... Zh— 571
Zh—tZi ... Zt—1Z,
Z . Zi?
Zi .. z

then when sg=r1, det, X=0.
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Proof: 831 Yid(a—59) (Ve— ¥ )ss2 - - . ¥u) =det, X®y, . . . y,, the lefi-hand
side vanishes, because (y,—sy;)(yu—&))=yi—sy;ys— ¥+ sty} = SqVR Y~ Y=
(sg —1)yuy;=0.

3. g-Deformed Laplace’s theorem

For a quantum matrix Z={Zl}e M (n) and pe{l,...,n}, {i, ..., L1c{l,..., 1},
L< o <hyy {f1,. - 2o fote{l, .. s8h 1< -+ <jf,, denote the g-minor of the pth
order of Z with row indices i), . . . , i, and column indices j;, .. ., j, by

y (zl - if’) .
heodp
We also need the notion of complementary g-minor, that is, the determinant of the

submatrix of the quantum matrix Z e M, (n) resulting from the deletion of the rows
and columns listed in

M(zllp)

}1"'}]7

M(Jz,zp)
1"'-’?

Lemma 5. For a quantum matrix Z={Z]}e M (n) and pe{l, ..., n}

1...p) (1...p)c
det, Z= —gyMy . ML . 8
‘ 1<,-,<Z Co (Jt---lp i ®

v <R * 'jP

Denote it by

where s=ji+---+j,—-1—--- —p.

Proof. Firstly, fix the chosen fy, ..., jp, let {if, .. . . &1 ={1, . .., 3\ {jy, . . . LG}
such that {;< - - - <i,_,. Then

R—p*

... 1...p\¢
M(. P )M( d )
he--Ip Jieoodp
= (E (=1)*0Z5y - - - Zgo(fp)) (z (=125 . Zog,.y)
o) o1

— 1 i
= (CIOTNZL B Zy - 2oy
6,01

where g, 0, are any permutations respectively of {j;,...,j} and {i;, ...,k }.

"Hence
1... 1...p\¢
M(j ’.’)M(. ’.’)
l"'.}p ]1"'.’}7
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consists of p!(n — p)! distinct terms of det,Z up to coefficients.
Moreover, the right-hand side of (8) consists of

"\ 1 =n!
(p)p.(n—p). =n!

distinct terms of det,Z, i.e., the two sides of (8) consist of the same terms up to
coefficients.

The coefficient of any term Z};,, . . . Z& ;F)Zauiu) - Z3,-,) I the right-hand side

of (8) is (—g)*. where d=1t(0,) +t(al) +], *+j,—1—-+-—p. In the left-hand
side of (8), the coefficient of this term is (—g), where

f=toy(f)) ... a(p)a(iy) . . . onli=,)) =Hoy) + Hoy ) +r

f
rZ is the number of pairs (o(j,), o1(i,)) with 1su<p, 1sv<srn—p and oy(j,)>
o{i,). But 0y, 6, are permutations, respectively, of {j,, ..., fand {i, ..., i,_,}, s0

{Uﬂ(fl 00(],0)} {.’la [ sfp} and {01(51 ol(l -p)} {Ila crrs in—p}, WhICh
means r== the number of pairs (j,, {,) with 1<u<p l<spsn-—pandj,>i,.

Since j;<.--<j, for any ue{l,...,p}, the number of pairs (j,.i,) with
l=p=<n-—pandj,>i,isj,—u Hence

P

?‘=2 (ju_u)'

w=1
It follows that d=f, i.e. in the two sides of (8), the coefficients of any term

Ziiy -+ ZoiiyZoin) - - - Zay.,» are equal to each other. Therefore, (8) holds.
Now, we consider how to construct the expansion formula of det,Z when

1...
()
.h“‘jp

is replaced with

o)
Ji--lp
where {i),...,i,}={l, ..., n}and < - - - <i,. In fact, we have the following:

Theorem 6 (Laplace’s theorem). For a quantum matrix Z={Z/}e M (n) and
Byoousbpe{l, .o n) (<o <,

i]"‘ip il...ipc
det,Z = (""Q)‘YM( )M( )
q l$f|<z<j'p=5n J1v 'jp Ji-- ']p

where s=ji+ -+ +j,— 5~ —I,.
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Proof. Let {i,y,...,0}={1,....m}\{Q\,... vy and < <i, We
consider the g-fundamental matrix

Obviously, for any 15, < - - - <j,<n, Z and Z have both the g-minor

u(t 5y
Ji-..lp

and its complementary g-minor in Z is equal to that in Z, i.e.

...\
M( . _")
Jieoidp
By Lemma 5
ii"‘ip il"'ipc
det Z= (—g)dM(, )M( ')
]‘jl(2<’:uqn h-- ']p Ji-- ']P

where d=j,+ -+ + +j—1— -« —p.

By property 1, det,Z=(—g)" " det,Z. t(iy . . . iy) =ty . . . i,) + tipur . .. i) + 1,
where r=the number of pairs (i,,i,) with Isu<p, p+1<p=n and >, =0+
rrrtg—l—---—p as shown in the proof of lemma 5. But ;.. )=
Wipsr- - - i) =0. Hence t(j, . . .i,} =i+ -+ - +i,—1— .. —p. Thus

A FAAY
—g) det, Z = —gyM[ T T\ M .")
Cardetz= S (<g) (j,) (h_

1510 <% e lp

and we obtain

B ... 0, AT
wi- 3 o ()
q 1=j1<2<fp‘;n Jieoolp Ji---1p

This theorem is the g-generalization of the classical Laplace’s theorem [5], i.e. when
g=1, we obtain the classical Laplace’s theorem.

According to this theorem, one can define the complementary q-cofactor to the g~
mingr

by

fl...fp def il"-ipc
M) S g
(}l---]p) (Q’) (fl'--h‘)
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where s=j,+ - -- +j,—i{— - -+ —i,. Making use of this notation, we can represent
theorem € as

h...4 B.. i
det,Z= D, M(.' .”)Mﬂ(.‘ .").
lsfi< - <fp=n Juedp Ji---Dp ;

In particular, for any ie{l,...,n}

i X
uf')-z
. i\e
)
J
i -
M‘(J) = (—q)’“'M,-,-.

Let A, =(—g)~'M,, we then obtain
Corollary 7 (Cofactor expansion). For a quantum matrix Z ={Z{}& M,(n) and any
ie{l,...,n}, det,Z=Z\A, + - +ZA,.

Because of the duality of row and column in the definitions of quantum matrix and
quantum determinant, one can get the dual Laplace’s theorem and the dual cofactor
expansion by replacing row and column with each other.

Denote

then

4. An application

Let V=C", a matrix R of the form

R= E e, ®ey+q Z &®e+(g—q7") 2 ;¢
i i=1 1&j<isn
Lj=1
where e, € Mat(C") are matrix units and g € C, satisfies the Yang—Baxter equation, i.e.
RipR3Rn = RysR 3R, (see [4]).
Let A=A(R) be the associative algebra over C with the gemerators 1, #,
i,j=1,...,n, satisfying the relations

RT] Tg = T2 T;R

where T, =T®I, T,=i® Te Mat(V®, A), T=(1,)" -1 € M,(rn) and / is a unit matrix in
Mat(V, C). Then [1], A(R) is the algebra of functions on the g-deformation of the
group GL(#n, C) and denote it by Fun,(GL(r, C)), i.e. A(R) =Fun,{GL(n, C)). It can
be verified that T is a quantum matrix.

By [4, Theorem 3], det,T generates the centre of the algebra Fun (GL(1, C)), i.e.
Cen(A4) = Cen(Fun,(GL(n, C)))=C det,T.
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For the quantum matrix T=(1;)e My(n) and p, i, ..., ips j1s - -« 5 J, having the
same meaning as in section 3, dencte the submatrix of the pth order of T with row
indices iy, . . . , i, and column indices j,, . . . , j, by

5
Ji--Jp

and denote the submatrix of T resulting from the deletion of the rows and columns

listed in
T({I o ”’)
EER ]p
(i
Jieeods
By the remark in section 1

i

Jo---Jp

)
Ji- "JP

are both quantum matrices. The R matrix R’ =

by

and

]

2e,-,-®e,,+qéf—’r';@eﬂ'l'(q-'q'l) 2 e, e,
i=1

oy 15y<i=p
ij=1

is a Yang-Baxier operator, i.e. R,R}RK=R »RRY; holds, and

R(o( o) bor 1)) =Cor ) (o o)

and
(el
.h"‘jp Jl"'!p
ol Dl Yo
Jieoedp fiovifn
Let
Al
Juesdp
and
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respectively, be the associative algebras over C with the generators 1 and the elements

of
)
Jieeidp
and the elements of
T(l.-l - ’"’)
]1 PR ]p

respectively. Then by {4, theorem 3],
Cen(A(l,l . 'If’)) =CDdeth(l,l o tf’) =E_':M(I,l e I_P)
Jiooedp Jievila Sio-odp
I ... B\ ¢ Iy... 0\ P A
Cen(zﬁl(.1 ‘p) ) =C deth( ; .p) = @M’(I.l .P) .
Jioodp Jieeids Jiooodp

By theorem 6
i!-'-ip il.,_ipc
det,T'= (-q)‘”M(. )M( )
q 15f1<2<jp£n i ._]p 5 ']P

where s=j,+ - -+ +j,—i,— » - - —i,. Thus, we have the following relation:
Cen(Fun,(GL(n, C))) = Cen(A)

i].-.ip i]...ipc
= > (=grCen(A(. 7)) cenlal 7))
Isj << Sn J‘l"'.’p h"‘]p
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